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1. INTRODUCTION 
The purpose of this paper is to study the propagation of singularities of 
solutions to linear hyperbolic partial differential integral equations. The 
equations under consideration are modelled by the equation 




in a Banach space (X, II.I/). It is assumed that A is the generator of a 
Co-semigroup on X and B(t) is closed and defined on the domain of A. 
Questions concerning the propagation of singularities of solutions to 
equations of the form of (1.1) occur frequently in viscoelasticity. A partial 
list of topics studied in viscoelasticity which lead to the study of 
propagating singularities includes: step jumps of velocity or displacement 
at the boundary of a viscoelastic fluid between two plates or coaxial cylin- 
ders (Kazakia and Rivlin [ 193, Narain and Joseph [23,24], Renardy [28] 
and Rivlin [29]), reflection and transmission of discontinuities or S-pulses 
at an interface between two viscoelastic media (Ferry [12, pp. 120, 147, 
1613 and Pound [27]), discontinuous data at the boundary of a 
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viscoelastic rod (Grafli [ 13]), growth or decay of propagating singularities 
(Coleman and Gurtin [4], Grafft [13], Kazakia and Rivlin [19], Narain 
and Joseph [23325], and Rivlin [29]). Additional related topics are dis- 
cussed in [2] and [13] as well as in [21] and the monographs [l], [3] 
and [ 121. The topic of propagation of singularities is also a concern in the 
theory of heat conduction proposed in Gurtin and Pipkin [17], where 
jump discontinuities in 8, and ,40 are considered, 0 being absolute tem- 
perature. 
Applications of our theory to problems in linear viscoelasticity and ther- 
modynamics with memory which can be expressed as initial value problems 
for (1.1) will be presented in Section 3, while problems related to discon- 
tinuous boundary data are presented in the sequel to this paper, [9]. Our 
theory applies easiest to one dimensional problems, but we also illustrate 
the technique for a two dimensional heat problem suggested by the theory 
of 1171. 
The equations we examine will also have the hyperbolic property of finite 
speed of wave propagation. That is, if a solution has initial data with com- 
pact support, the support of the solution will grow with finite speed. This 
property is also of interest in viscoelasticity as well as in thermodynamics 
of materials with memory; Gurtin and Pipkin [ 171, Miller [22], and in 
electrodynamics, Davis [S]. This problem also was recently examined by 
first formulating it as one involving integrodifferential equations in Banach 
space in Grimmer and Zeman [ 161 and Desch, Grimmer and Zeman [ 111. 
It should be noted that the propagation of singularities of a solution to a 
partial differential integral equation need not always accompany the 
property of finite wave speed. This was noted by Renardy [28] and further 
studied in Hrusa and Renardy [IS]. 
2. MAIN RESULT 
Throughout this section (X, 11.11) will denote a Banach space. We con- 
sider the abstract linear Volterra integrodifferential equation (1.1) where 
the operators A and B on the Banach space (X, II*l/) satisfy: 
(Hl ) A is the infinitesimal generator of a linear C,-semigroup s(t) 
on X. Thus, the domain, D(A), of A, endowed with the graph norm 
l/x/l ,, = I/XII + IlAxll is a Banach space, which we denote by (Y, II*11 y). 
(H2) For each r 2 0, B(t) is a bounded linear operator from ( Y, Il./l r) 
to (X, Il./I). Thus, B may be written B(t) = F(t) A + K(t), where F(t) and 
K(t) are bounded linear operators from (X, 11.11) to itself. (A possible choice 
for F and K would be F(t)= -B(t)(L-A)-‘, K(t)=/1B(t)(l-A)-‘, 
where II is sufficiently large so that (n-A)-’ exists.) 
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(H3) For each XE X, the map (Fx)(t) = F(t) x is in w;J( [0, co); X), 
while the map (Kx)(t) = K(t) x is in I+$( [0, co); X). 
In order to state our result concerning the propagation of singularities 
we shall require the concept of a resolvent operator for (1.1). 
DEFINITION 2.1. A family {R(t): t > 0} of bounded linear operators on 
X is called a resolvent operator of (1.1) if it satisfies the following con- 
ditions: 
(Rl) R(0) = Z (the identity on X). 
(R2) For each x E X, the map t + Z?(t) x is in C( [0, co), X). 
(R3) For each XE Y, the map t +R(t)x is in C’([O, co), X)n 
C( [0, co), Y) and satisfies 
R’(t)x=AR(t)x+]‘B(t-s)R(s)xds. 
0 
(R4) For each XE Y, t>O, 
R’(r)x=R(t)Ax+l’R(t-s)B(s)xds. 
0 
If (1.1) admits a resolvent operator, the trajectories x(t) = R(t) x0 
(x0 E X) may be regarded as generalized solutions of (1.1). In particular, it 
is known [lo, 14, 151 that the hypotheses (Hl)-(H3) imply that (1.1) has 
a unique resolvent operator R(t). For further information regarding 
resolvent operators we refer the reader to [ 10, 14, 151 and the references 
therein. 
We are now able to present our main result which will compare the 
solutions of (1.1) with those of 
x’(t) = [A + F(O)] x(t) 
x(0)=x,. 
(2.1) 
THEOREM 2.2. Suppose that (Hl t(H3) are satisfied. Let R(t) be the 
resolvent operator for (1.1) and let T(t) be the semigroup generated by 
A + F(0) (which obviously exists as F(0) is a bounded operator). Then for 
each t > 0, the operator R(t) - T(t) maps X into Y and for each x E X the 
map t -+ R(t) x- T(t) x is in C’( [O, co). X) n C( [0, oo), Y). 
Proof: The integral equation 
L(t)x= -F(t)x-S’L(s)F(t-s)xds, t>o, XEX, (2.2) 
0 
505/65/3-9 
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has a unique solution L where L(t) is a bounded linear operator for each 
t 3 0, and the map t -+ L(t) x is continuous in t for each x E X. In fact, 
taking derivatives we obtain 
L’(t)x= -F(t)*-L(t)F(O)x-SrL(s)F(t-s)xds, 
0 
L”(t) x= -F’(t) x- L’(t) F(0) x- L(t) F(0) x 
- ‘L(s)F”(t-s)xds 
I 0 
which implies that the map t + L(t) x is even in vd( [0, co); X) for each 
x E x. 
Evaluating (2.2) at t = 0 we see that L(0) = -F(O). Moreover, we notice 
that (2.2) may be written in the convolution form 
(6+L)*(6+F)=& (2.3) 
Now we fix some x E Y and write (R3) in convolution form 
R’x=(h+F)*ARx+K* Rx. 
It now follows from (2.3) that 
R’x+L*R’x=ARx+K*Rx+L*K*Rx. 
An integration by parts yields 
(L* R’)(t)x= -F(O)R(t)x-L(t)x+(L’* R)(t)x 
so that 
R’(t)x=(A+F(O))R(t)x+G(t)x, 
where G = -L’ * R + L + K * R + L * K * R. In particular, the map 
t + G(t) z is in W{;r( [0, co); X) for each z E X since L’z, Lz and Kz are in 
Wf,$( [0, co); X). As (A + F(0)) generates the semigroup T(t), the variation 
of parameters formula for T(t) implies 
R(t)x= T(t)x+j; T(t-s)G(s)xds. (2.4) 
While we have obtained this equation only for XE Y we notice that both 
sides of (2.4) are defined and depend continuously on x E X, so that (2.4) 
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holds for all x E X. As G(t) x is in IV,!;k( [0, co); X), a standard result of 
semigroup theory yields that 
R(t)x-T(c)x=(tT(r-s)G(s)xds 
0 
is contained in the domain of (A +F(O)) = Y and also that 
Jb T(t - S) G(s) x ds, being the solution of the nonhomogeneous equation 
y’=(A+F(O))y+G(t)x 
Y(O) = 0, 
is in C’( [0, co), X) n C( [0, co), Y). This completes the proof. 
COROLLARY 2.3. Assume that (Hl )-(H3) are satisfied. Let R(t) be the 
resolvent operator of (1.1) and T(t) be the semigroup generated by A + F(0). 
For n = 0, 1,2,... let Y, be the domain of A” endowed with the graph norm of 
A”. Moreover, suppose that for some n E { 1, 2, 3,...}, B, F and K satisfy (H2) 
and (H3) with X replaced by Y,, and Y replaced by Y,,, , . Then for each 
t>O, R(t)-T(t) maps Y,, into Y,,,, and for each XEY,, the map 
t+R(t)x-T(t)x is in C’([O, co), Y,JnC([O, co), Y,,,). 
Probf. This is a consequence of Theorem 2.2, where X is replaced by Y, 
and Y is replaced by Y, + , . 
Remark 2.4. In general, one cannot expect R(t) - T(t) to map X into 
Y,,,, m > 1. As an easy example consider X = 1’ with canonical basis 
{e,}~cl. Define A b y A n - e nie, and F(t) by F(t) x = ie”x. The problems 
(1.1) and (2.1) may be solved by separation of variables. In particular, if 
x0 E 1’ is given by x0 = C,“= 1 anen then 
where 
R(f) x0 = f r,(f) as,, 
ll=l 
rL( t) = nir,( t) - ji ne”-S)ir,(s) ds 
r,(O) = 1. 
A differentiation shows that r,(t) is the solution of 
ri=(n+l)irk 
r,(O) = 1, r;(O) = ni. 
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Also, it is easy to see that 
T(t) x0 = f f,(t) one,, 
n=l 
where t,(t) = e@ + ’ )j’. Thus, r,(t) - t,(t) can be written 
[net”+ I)” + l]/(n + 1) - e(“+ lhr = [l - e(“+ ‘)“]/(n + 1). 
It is thus clear that R(t) - T(t) maps into Y, but not into Y, or even into 
the domain of A”, s > 1. 
3. APPLICATIONS 
In this section we shall consider stress waves in a viscoelastic solid and 
an additional example which is motivated by the theory of heat conduction 
in materials with memory as proposed in [17]. Various other applications 
to viscoelastic fluids are presented in [9]. 
EXAMPLE 3.1. Following [25], consider a viscoelastic solid which 
occupies the region O<x<l, --co < y<co and --co <z<co. A step shear 
traction is applied to the boundary x = 0 while the boundary x = I is held 
fixed. Let u(x, t) and r~(x, t) denote respectively the displacement and stress 
in the y-direction. One then obtains (cf. [25] for details) 
P&,(X, 1) = fJx(x, t) 
CT(X, t) = (p + G(0)) u,(x, t) + j; G’(s) u,(x, t -s) ds 
with 
u(l, t) = 0 
i 
1 for t>O 
a(0, 2) = 
0 for t<O 
24(x, 0) = 24,(x, 0) = 0, O<x<l, 
where the initial data arises from the fact that the material was initially at 
rest. Here, ,D and p are positive constants and GE C’([O, co), R) with 
G(0) > 0 and G’(0) < 0. We note that we require more differentiability than 
in [25]. 
We wish to study the resulting stress waves and their reflections at the 
boundary x = 1. 
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Rather than consider the displacement u(x, t) we consider the velocity 
field u(x, t) = u~(x, t) and differentiate c with respect to t to obtain the 
system 
a, = (/A + G(0)) u, + Jr G’(s) u,(r - S) ds, 
0 
where we have suppressed the x dependence and used the fact that 
u,(x, 0) = 0 due to the material being initially at rest. In order to obtain 
homogeneous boundary conditions we now consider the equivalent 
problem arising from the transformation v + V, a + a - 1. The resulting 
equivalent problem is 
a, = (p + G(0)) u, + j’ G’(s) u,(t -s) ds 
0 
a(0, t)=O, u(f, t) = 0, t>o 
u( x, 0) = 0, a(x, 0) = - 1, O<x<f. 
Written as a system which 
has the form 
can be treated with Theorem 2.2, this equation 
‘0’1 [:],+J:[:: G'(r-s;p+G(O)] 
r 0, P -1 
Xh+GW, 0 
4s) I[ 1 4s) .x ds. (3.1) 
We consider this problem on X= L*(O, I) x L*(O, I) with inner product 
given by 
([Z]fR:]>=rd {P u(x) ul(x) + Cp + G(O)l-‘dx) a,(x)) dx. 







D(A) = {(u, a) E H’(0, ,) x H’(0, l): u(l) = a(0) =O}. 
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It thus follows that both A and A* are dissipative so A generates a C,, 
semigroup of contractions, [26, p. 151. As G is sufficiently differentiable we 
may invoke Theorem 2.2 and compare (3.1) with the equation 
0 L-1 [ " (7 , =P+W), "i']Lxl,+[:jy+[:: G'(O)/;+G(O)] [8] 
6(0, t) = 0, iql, t) = 0, t>o 
V(x, 0) = 0, 6(x, 0) = - 1, O<x<l. (3.2) 
The conclusion of Theorem 2.2 indicates that for each t > 0 S( ., t) - (r( ., t) 
and V(., t) - u(., I) are in H’(0, 1). It thus follows that I?(*, t)--a(., t) is 
continuous ([20] ) and we may determine the discontinuities of a( *, t) from 
those of a(., t). 
Now (5 has a simple discontinuity at (0,O) which will propagate into the 
region 0 <XX 1, t>O, along the characteristic ct-x=0, where c is the 
positive solution of c2 = (p + G(O))/p. This will continue until the boundary 
x = 1 is reached at which time it is reflected back into the region 0 <x < 1, 
t >O, along the characteristic ct+x-21=0 until the boundary x=0 is 
reached, etc. Following [6], one can calculate the decay of the simple dis- 
continuity to be exp(G’(0)/2(p + G(0)) t. Perhaps more simply one can 
note that 0 satisfies the Telegraph Equation 
err = (P + G(O)) P -%x.x + C’WY(P + G(O))1 6,. 
Following [30, p. 6981, one assumes a solution of the form rY= 
g(t, x) H(x - ct), where H is the Heaviside function, to obtain the same 
result. Additional information concerning the decay (or growth) of a 
singularity along a characteristic may be found in refs. [S, 6, 301. 
EXAMPLE 3.2. A related problem concerns the reflection and trans- 
mission of stress waves at an interface between two viscoelastic media. Of 
course, we may consider the interface between an elastic solid and either a 
viscoelastic solid or liquid as well. An experiment involving the interface 
between an elastic solid and a viscoeiastic fluid is discussed in [ 12, p. 1203, 
while Pound [27], examines b-pulses at an interface between viscoelastic 
media. 
Consider first a problem of the type considered in Example 3.1, except 
that -I < x < 1 and that we have an interface between two materials at 
x =O. As we have seen, the sudden imposition of a stress at x= -I will 
cause a singularity in the stress to propagate toward the boundary x= 1. 
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Prior to reaching this boundary, the stress wave will strike the interface. 
Recalling that the problem x’(t) = Ax(t) is a hyperbolic one, an appeal to 
[ 163 shows that (1 .l ) has finite speed of wave propagation. This justifies 
considering the problem at the interface without concern for the boun- 
daries x= -I or x= 1. We assume that a stress wave was propagated at 
some earlier time t CO and that it strikes the interface at time t = 0. We 
obviously cannot assume that the material is at rest at time t =O. Our 
model is thus 
P(X) %1(X> t) = fJx(X> t) 
0(x, t) = (P(X) + G(x, 0)) GG t) + j-1 a, dx, s) ‘TX, t -s) 4 
where p(x) and p(x) are piecewise constant with the only possible point of 
discontinuity being at x= 0. Similarly, G(x, t) is constant in x except 
perhaps at x = 0 with G(x,, .) E C3( [0, co), W). We further require p(x) > 0, 
(p(x) + G(x, 0)) > 0 and G,(x, 0) < 0. 
Treating u.,(x, s), s < 0, as a known function we write 
4x, f) = (P(X) + Gk 0)) 4x, t) + j-; u.,(x, t-s) G’(s) ds 
+.I0 
u,(x, s) G’( t - s) ds. 
--co 
A differentiation now yields 




We thus consider the problem 
CJ,(X, t) = (p(x) + G(x, 0)) u,(x, t) + Ji G’(t - s) u,(x, s) ds + r(x, t) 
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I[ 1 v(s) dx 4s) .v (3.3) 
on the space X= L*(R) x L*(R) with inner product 
([r]f::])=,_ b(x) 4x1 v,(x) + b(x) + W, 0)14x) a,(x)f dx. 
Arguing as before, it follows that 
[ 
0, P - Ia, 
Ii= b++G(O)l a.,, 0 1 
with domain H’( IF!) x H’(R) generates a C, semigroup on L’(R) x L*(R). It 
now follows from Theorem 2.2 that R(t) - r(t) maps X into 
H’(R) x H’(R), where T(t) is the semigroup on L2(R) x L2(R) associated 
with the system 
0, 0, 0 V 
,D++G(O), 0, I[1 G’(O)/(P+ G(O)) 0 ’ (3.4) 
In order to simplify matters a bit we note that because r(t) is con- 
tinuously differentiable, it follows from [lo] that J& R(t-s)(O, r(s))*ds is 
in the domain of A, H’(W) x H’(R). Thus r(t) does not contribute any dis- 
continuities to the solution R(t)(v,, o,,)* + St, R(t - s)(O, r(s))*ds of (3.3). 
We shall thus assume henceforth that r(t) = 0. 
It is now apparent that upon striking the interface the stress wave 
propagating through the viscoelastic media will cause a transmitted stress 
wave and, usually, a reflected stress wave which can be calculated from 
(3.4). 
Consider now the equation 
v, = a26, 
(T, = b2v, + d2q 
(3.5) 
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where we shall fist assume a and b are positive constants while d is a non- 
negative constant. Choose E > 0 and consider the rectangle R(E): 
- CE 6 x < CE, -E 6 t < E, where c = ab. The diagonals of this rectangle are 
the characteristics x = ct, x = -ct. These diagonals form four triangles in 
R(E). Let T, be the triangle on the left and continue in a clockwise manner 
to obtain T,, T,, T4. We now define cp on R(e) by 
and examine 
(G-lx+ 1, (t, xl E T, 
--EClt+ 1, 
cp(t, x) = 
(t, x) E T2 
- (C&)-IX + 1, (6 x) E T, 
E-It + 1, (6 xl E T4 
cc c 
sp s tp( t, x)(u,( t, x) - a*~,~( t, x)) dt dx = 0. (‘C --E 
If (u, c) is a C’ solution of (3.5) an integration by parts yields (‘E I s ’ Cv,(t, x) 46 x) - a2q.&, x) o(t, x)1 dt dx. (3.6) -c(‘c --E 
Now let (u, (T) be a solution of (3.5) with a simple discontinuity 
propagating along the characteristic x = ct. Without loss of generality, we 
assume that (u(x, t), a(x, t)) = (0,O) if x > ct. (In particular, recall that we 
are investigating a stress wave through material initially at rest.) The well- 
posedness of this problem on L’(R) x L’(R) evidenced by the semigroup 
T(t) implies the validity of (3.6) in the case also. 
Using the definition of cp we see that (3.6) becomes 
s u( t, x) dt dx + s c-‘a%(t,x)dtdx=O. T2 TI 
If we now let E -+O+ we obtain [u] = - (u/b)[a], where [u] and [o] 
indicate the jump across the characteristic x = ct. A similar analysis will 
show that a solution of (3.5) with a simple discontinuity propagating along 
x = - ct must satisfy [u] = (u/b)[a] across the characteristic. 
Now assume that as in our original problem a and b are not constant 
but have different values to the left and right of the line x = 0, say a,, a, 
and b,, b,, respectively. Let us consider a stress wave impacting on the 
interface. Assume as before that this solution is zero in the region x > ct. 
For t > 0 this solution will have a transmitted singularity on the charac- 
teristic x = a,b,t and, usually, a reflected singularity on the characteristic 
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x = -~,b,t. If we let u, and cr, be the jumps in u and CJ at (0,O) as 
measured from T, to T4 while u2, (TV and u3, cr3 are the same measured 
from T, to T, and T, to T,, respectively, we see that 
(T, =o,+o, 
u,=u,+u,. 
Using the relations u, = - (a,/b,) e,, v2 = (a,/br) cr2 and u3 = - (adb,) e3 we 
can solve to obtain the reflection and transmission coefficients. In par- 
ticular, 
(73= CwJr/(u,~r+ OJI Cl 
If we let CJ, = 1, e3 and gZ are the transmission and reflection coefficients, 
respectively. To interpret this in our problem, a = p-‘j2, b = (p + G(O))“*. 
The decay of the singularities propagated along the characteristics x= 
-u,b,t and x = u,b,t follows from Example 3.1. 
We remark in ending this example, that to calculate the reflection and 
transmission coefficients, which are in a sense instantaneous features, we 
have seen that one can effectively ignore the integral and r(t) in (3.3). The 
integral or history enters only as a damping mechanism. 
As indicated earlier, two dimensional problems are more difficult. Our 
next example is presented to indicate the types of problems which can be 
analyzed with our techniques. 
EXAMPLE 3.3. We consider a problem motivated by the linearized 
theory of heat conduction for materials with memory as proposed in [17] 
and examined further in [22]. Gurtin and Pipkin [ 171 developed a model 
which is “hyperbolic” and examined propagating jump discontinuities in 8, 
and V8, where 8 is the temperature field on a body Sz. We shall examine 
propagating singularities of 8 caused by an instantaneous change of 8 on 
the boundary, f, of L?. We assume 0(x, t) = 0 for t < 0 and obtain the 
model for 9, following [ 173, 




etx, 0) = e,(x, 0) = 0, XEQ, 
44 f) = g(x), xer, t>o. 
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Here, Sz c R2 is a smooth bounded region with boundary r, and A is the 
two dimensional Laplacian. In addition, we assume that a E C’( [O, co), R), 
a(O) > 0, /3 E C2( [0, co), W), c > 0 is constant, and g E L’(r). 
As before, we wish to consider a homogeneous boundary value problem. 
First we note that the problem 
Aw=O 
wlr= g 
has a solution w in W(O), O<s< l/2 (cf. [20], in fact, even the preface). 
Now, let u = 0 - w to obtain 
cu,, + p(O) u, + j-’ B’(s) u,( t - s) ds 
0 
= a(O) Au + 1’ a’(s) Au( t - s) ds 
0 
u(x, 0) = - w(x), 4(x, 0) = 0, XEQ 
u(x, t) = 0, x E r, t > 0. 
(3.7) 
If we let c = 1 and u = U, we can formulate (3.7) in the form of (1.1 ), 
1 u 
-j?(O) I[1 u 
-+- sd [i: d(t -:),u(O) II 0, 1 u(O) A, -B(O) I[1 ; ds 
I[1 ; ds (3.8) 
u(x, 0) = - w(x), u(x, 0) = 0, XES.2, 
u/r= 0, 
where we have chosen to write k(t) for 
-P’(t) + B(O) 4tY40). 
The wave operator 
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generates a C,-semigroup on HA(Q) x L’(R) with domain H2(Q)n 
HA(Q) x HA(Q), but this is not sufficient for our requirements as w 4 HA(Q). 
However, the wave equation may be considered on the space 
L2(Q) x H-‘(Q) and the wave operator extended to have domain HA(Q) x 
L2(Q). This may be done by using extrapolations as in [7], for instance. To 
take advantage of the fact that w E H”(Q), we now interpolate (cf. [20]) to 
obtain the setting 
x= H”(Q) x H”-‘(Q) and Y = If’+ ‘(Q) n HA(Q) x H”(Q), 
0 <s < l/2, as the domain of the wave operator. 
It now follows from Theorem 2.2 that we may consider the problem 
1 U 
-B(O) + ~'(OMO) 1H 'J (3.9) 
u(x, 0) = - w(x), v( x, 0) = 0, XESJ, 
ulr=O. 
If T(t) is the semigroup associated with (3.9) and R(t) is the resolvent 
operator associated with (3.8), Theorem 2.2 yields the result that 
(R(t)-T(t))(-w,O) is a continuous map into Y=H”+‘(Q)nH,!,(SZ)x 
H”(Q). Thus, if (u, v) is the solution of (3.8) and (U, 0) is the solution of 
(3.9), we know u(x, t) - ii(x, t) E H”+‘(Q). As 0 <s < l/2 it follows that 
u( ., t) - U( ., t) is continuous in XE Sz [20]. We conclude that the 
singularities of u(x, t) can be determined by examining U(x, t). 
As a final remark, we wish to note that the analysis used in Example 3.3 
can also be used to examine a variety of problems in linear viscoelasticity. 
For example, Narain and Joseph [23,24] examined the effect of a step 
jump is the displacement of the boundary of a viscoelastic fluid. This 
problem leads directly to an equation of the form of (3.8) with p=O. In 
this case we do not need to consider H”, 0 <s < l/2, as the problem is one 
dimensional. One calculates propagating singularities as in Example 3. I. 
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